$S$-wave resonance contributions to the $B^0_{(s)}\to
  \eta_c{(2S)}\pi^+\pi^-$ in the perturbative QCD factorization approach by Ma, Ai-Jun et al.
ar
X
iv
:1
70
1.
01
84
4v
5 
 [h
ep
-p
h]
  4
 M
ay
 20
17
S-wave resonance contributions to the B0(s) → ηc(2S)pi+pi− in the perturbative QCD
factorization approach
Ai-Jun Ma (马爱军)1,∗ Ya Li (李亚)1,† Wen-Fei Wang (王文飞)2,‡ and Zhen-Jun Xiao (肖振军)1,3§
1 Department of Physics and Institute of Theoretical Physics,
Nanjing Normal University, Nanjing, Jiangsu 210023, P.R. China
2 Institute of Theoretical Physics, Shanxi University, Taiyuan, Shanxi 030006, P.R. China and
3 Jiangsu Key Laboratory for Numerical Simulation of Large Scale Complex Systems,
Nanjing Normal University, Nanjing, Jiangsu 210023, P.R. China
(Dated: September 10, 2018)
By employing the perturbative QCD (PQCD) factorization approach, we study the quasi-
two-body B0(s) → ηc(2S)pi
+pi− decays, where the pion pair comes from the S-wave resonance
f0(X). The Breit−Wigner formula for the f0(500) and f0(1500) resonances, and the Flatte´
model for the f0(980) resonance are adopted to parameterize the time-like scalar form factors
in the two-pion distribution amplitudes. As a comparison, Bugg’s model is also used for the
wide f0(500) in this work. For decay rates, we found the following PQCD predictions: (a)
B(B0s → ηc(2S)f0(X)[pi
+pi−]s) =
(
2.67+1.78−1.08
)
× 10−5 when the contributions from f0(980) and
f0(1500) are all taken into account; (b) B(B
0
→ ηc(2S)f0(500)[pi
+pi−]s) =
(
1.40+0.92−0.56
)
× 10−6 in
the Breit-Wigner model and
(
1.53+0.97−0.61
)
× 10−6 in the Bugg’s model.
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2I. INTRODUCTION
The study of the three-body hadronic B meson decays can help us understand the standard model and search for
the possible effects of new physics. Experimentally, quite a number of channels have been measured by collaborations
like BaBar [1–6], Belle [7–10] and LHCb [11–21]. Theoretically, there are several approaches working in this field,
for instance, the QCD factorization [22–38], the perturbative QCD (PQCD) approach [39–47], and some methods
based on symmetry principles [48–60]. The aim of those studies is to understand the the resonant and nonresonant
contributions, as well as the final state interactions (FSIs) [37, 58] in three-body B decays. But it is still in the early
stage for both the theoretical studies and the experimental measurements in studying those decays.
The PQCD factorization approach is one of the major theoretical frameworks to deal with the two-body hadronic
B meson decays [61, 62]. Very recently, some three-body hadronic B meson decays have been studied by employing
the PQCD factorization approach, for example in Refs. [39–47]. For the cases of three-body decays, however, the
previous PQCD approach [61, 62] should be modified by introducing the two-meson distribution amplitudes [63–66]
to describe the selected pair of final state mesons due to the following reason discussed in [61, 62]: the contribution
from the direct evaluation of hard b-quark decay kernels containing two virtual gluons is generally power suppressed,
and the dominant contribution comes most possibly from the region where the two energetic light mesons are almost
collimating to each other with an invariant mass below O(Λ¯mB)( Λ¯ = mB −mb, means the B meson and b quark
mass difference). Then, the typical PQCD factorization formula with the crucial nonperturbative input of two-hadron
distribution amplitudes for a B → h1h2h3 decay amplitude can be written symbolically in the form of
A = φB ⊗H ⊗ φh1h2 ⊗ φh3 . (1)
Here the hard kernel H(xi, bi, t) contains the contributions from one hard gluon exchange diagrams only, the nonper-
turbative inputs φB(x, b), φh1h2(z, ω), φh3(x3, b3) are the distribution amplitudes for the B meson, the h1-h2 pair and
the h3 meson respectively, while the symbols ⊗ mean the convolution integration over the variables of the momentum
fractions (x, z, x3) and the conjugate space coordinates bi of kiT. With the help of the two-pion distribution ampli-
tudes, many works have been done for quasi-two-body decays, the parameters in the S-wave and P -wave two-pion
distribution amplitudes have been fixed in Refs. [42, 43]. Based these work, we have studied the S-wave resonance
contributions to the decays B0(s) → ηcpi+pi− [44], B0s → ψ(2s)pi+pi− [45], and the P -wave resonance (ρ(770)) contri-
butions to B0(s) → (D/P )ρ → (D/P )pipi decays [46, 47] with D represents the charmed D mesons and the P stands
for the light pseudoscalar mesons: pi,K, η or η′.
Up to now, several decay modes of the B and Bs mesons to the charmonium state plus pion pair, like B
0 →
J/ψpi+pi− [1, 16–18], B0s → J/ψpi+pi− [14, 15], B0(s) → ψ(2S)pi+pi−[20] and B0s → ηcpi+pi− [21], have been measured
by BaBar and LHCb Collaboration. With the continuous running of the LHCb experiment, more data of such
B/Bs decays with the inclusion of various excited charmonium states ( ηc(2S) etc.) will be collected. It is therefore
interesting to study such decay modes theoretically. In this work, we will study the S-wave resonance contributions
to B0(s) → ηc(2S)f0(X)→ ηc(2S)pi+pi− decays and give our predictions for the branching fractions of the considered
decay modes.
This paper is organized as follows. In Sec. II, we give a brief introduction for the theoretical framework. The
numerical values, some discussions and the conclusions will be given in last two sections.
II. THE THEORETICAL FRAMEWORK
In the B0(s) → ηc(2S)pi+pi− decays, by using of the light-cone coordinates and in the rest frame of B0(s) meson, the
momentum of B0(s), the pion pair and ηc(2S) could be chosen as
pB =
mB√
2
(1, 1, 0T), p = p1 + p2 =
mB√
2
(1− r2, η, 0T), p3 = mB√
2
(r2, 1− η, 0T) (2)
where η = ω2/[(1 − r2)m2B], r = mηc(2S)/mB and ω2 = p2 means the squared invariant mass of the pion pair. The
momenta for the spectators in the B0(s) meson, the pion pair, and the ηc(2S) meson read as
kB =
(
0,
mB√
2
xB, kBT
)
, k =
(
mB√
2
z(1− r2), 0, kT
)
, k3 =
(
mB√
2
r2x3,
mB√
2
(1− η)x3, k3T
)
, (3)
where the momentum fractions xB, z, and x3 run from zero to unity.
3b¯
pi
pi
B
ηc(2s)
c¯ c
(a) (b) (c) (d)
FIG. 1. Typical Feynman diagrams contributing to the three-body decays B0s → ηc(2S)pi
+pi−.
The S-wave two-pion distribution amplitudes can be written as [42, 67]
ΦS−wavepipi =
1√
2Nc
[
p/ΦI=0vν=−(z, ζ, ω
2) + ωΦI=0s (z, ζ, ω
2) + ω(n/+n/− − 1)ΦI=0tν=+(z, ζ, ω2)
]
, (4)
with n+ = (1, 0,0T ), n− = (0, 1,0T ) and the pi
+ meson momentum fraction ζ = p+1 /p
+. Their asymptotic forms are
parameterized as [42]
ΦI=0vν=− =
9Fs(ω
2)√
2Nc
aI=02 z(1− z)(1− 2z), ΦI=0s =
Fs(ω
2)
2
√
2Nc
, ΦI=0tν=+ =
Fs(ω
2)
2
√
2Nc
(1− 2z), (5)
with the time-like scalar form factor Fs(w
2) and the Gegenbauer coefficient aI=02 = 0.2± 0.2.
The expressions of the time-like scalar form factor Fs(ω
2) associated with the ss¯ component of both f0(980) and
f0(1500), and dd¯ component of f0(500) can be found in Ref. [42]. Following the LHCb collaboration [14–17], the
Breit−Wigner (BW) formula for the f0(500) and f0(1500) resonances will be used to parameterize the time-like scalar
form factors in the two-pion distribution amplitudes, which include both the resonant and non-resonant contributions
of the pipi pair. For f0(980), however, the Flatte´ model [68] will be used since f0(980) is close to the KK¯ threshold and
the BW formula does not work well for this meson [68, 69]. We know that there exist some disputations about the
nature of the meson f0(500) due to its wide shape. Following the same treatment of f0(500) as LHCb collaboration [19],
we here also parameterize its contribution to the scalar form factor in the Bugg resonant line-shape [69]
Rf0(500)(s) = mrΓ1(s)
[
m2r − s− g21
s− sA
m2r − sA
[
j1(s)− j1(m2r)
] − imr 4∑
i=1
Γi(s)
]−1
, (6)
with the following relevant parameters
mrΓ1(s) = g
2
1
s− sA
m2r − sA
ρ1(s),
g21(s) = mr(b1 + b2s) exp(−(s−m2r)/A),
j1(s) =
1
pi
[
2 + ρ1ln
(
1− ρ1
1 + ρ1
)]
,
mrΓ2(s) = 0.6g
2
1(s)(s/m
2
r) exp(−α|s− 4m2K |)ρ2(s),
mrΓ3(s) = 0.2g
2
1(s)(s/m
2
r) exp(−α|s− 4m2η|)ρ3(s),
mrΓ4(s) = mrg4piρ4pi(s)/ρ4pi(m
2
r),
ρ4pi(s) = 1/ [1 + exp(7.082− 2.845s)] . (7)
In the numerical calculation, we set mr = 0.953 GeV , sA = 0.41 m
2
pi, b1 = 1.302 GeV , b2 = 0.340 GeV
−1, A =
2.426 GeV 2 and g4pi = 0.011 GeV [69]. The phase-space factors of the decay channels pipi, KK and ηη are defined as
ρi(s) =
√
1− 4m2i /s with i = 1, 2, 3 for pi,K and η respectively. It is worth of mentioning that another description of
pion-pion form factors were introduced in Ref. [70, 71].
For the B0(s) mesons, we use the same distribution amplitudes φB(x, b) in the b space as being used for example in
Ref. [44],
ΦB =
i√
2Nc
(p/B +mB)γ5φB(k1) . (8)
The distribution amplitude is chosen as
φB(x, b) = NBx
2(1− x)2exp
[
−M
2
B x
2
2ω2B
− 1
2
(ωB b)
2
]
. (9)
4In the numerical calculation, we also use the shape parameter ωB = 0.40 ± 0.04 GeV with fB = 0.19 GeV for B0
decays, and ωBs = 0.50± 0.05 GeV with fBs = 0.236 GeV for B0s decays [44].
As the first radial excitation of the ηc charmonium ground state, ηc(2S) is observed firstly by the Belle collaboration
in B decays [72, 73]. The harmonic-oscillator wave function with the principal quantum number n = 2 and the orbital
angular momentum l = 0 is defined as [74]
〈ηc(2S)|c¯(z)αc(0)β |0〉 = − i√
2Nc
∫ 1
0
dxeixp3·z [(γ5/p3)αβψ
v(x, b) +m(γ5)αβψ
s(x, b)] . (10)
The asymptotic models for the twist-2 distribution amplitudes ψv, and the twist-3 distribution amplitudes ψs for the
radially excited ηc(2S) is parameterized as [75]
Ψv(x, b) =
fηc(2S)
2
√
2Nc
Nvxx¯T (x)e−xx¯mcw [w2b2+(x−x¯2xx¯ )2],
Ψs(x, b) =
fηc(2S)
2
√
2Nc
NsT (x)e−xx¯mcw [w2b2+( x−x¯2xx¯ )2], (11)
with the function T (x) = 1 − 4b2mcwxx¯ + mc(x − x¯)2/(wxx¯) and the same normalization conditions as the B0(s)
mesons:
∫ 1
0 Ψ
i(x, b = 0)dx = fηc(2S)/(2
√
6). And we also choose fηc(2S) = 0.243
+0.079
−0.111 GeV and w = 0.2± 0.1 GeV as
in Ref. [75].
In the PQCD factorization approach, there are four kinds of emission Feynman diagrams for the B0(s) → ηc(2S)pi+pi−
as illustrated in FIG. 1, where (a) and (b) are factorizable diagrams, while (c) and (d) are the non-factorizable ones.
We will use FLL, FLR, FSP and MLL,MLR,MSP to describe the contributions of the factorizable [FIG. 1(a) and
1(b)] and non-factorizable [FIG. 1(c) and 1(d)] emission diagrams with the (V − A)(V − A), (V − A)(V + A), and
(S −P )(S +P ) currents, respectively. The total decay amplitudes for the considered decays can therefore be written
as
A(B0(s) → ηc(2S)pi+pi−) = V ∗cbVcd(cs)
[
(C1 +
C2
3
)FLL + C2M
LL
]− V ∗tbVtd(ts)[(C3 + C43 + C9 + C103 )FLL
+ (C5 +
C6
3
+ C7 +
C8
3
)FLR + (C4 + C10)M
LL + (C6 + C8)M
SP
]
, (12)
where Ci(µ)(i = 1, ..., 10) are Wilson coefficients at the renormalization scale µ. For simplicity, we denote the
distribution amplitudes ΦI=0vν=−(z, ζ, ω
2) [ΦI=0s (z, ζ, ω
2),ΦI=0tν=+(z, ζ, ω
2)] by φ0 (φs, φσ) below. From Fig. 1(a) and
1(b), we find
FLL = 8piCFm
4
Bfηc(2S)
∫ 1
0
dxBdz
∫ ∞
0
bBdbBbdbφB(xB , bB)
×
{[√
η(1− r2)
[ (
(1 − 2z)(1− η) + r2(1 + 2z(1− η))) (φs − φσ) + 2(1− η)(1 − 2(1− r2)z)φσ]
+
[
(1 + z)(1− η)− r2(1− 2η + 2z(1− η))]φ0
]
Ee(ta)ha(xB , z, bB, b) +
[
2
√
η(1 − r2)
× [1− η − r2(1 + xB − 2η)]φs + (1− r2) [r2(xB − η)− (1 − η)η]φ0
]
Ee(tb)hb(xB , z, bB, b)
}
, (13)
FLR = −FLL, (14)
with a color factor CF = 4/3. The explicit expressions of the hard functions ha and hb, the evolution factors Ee(ti)
including the Sudakov exponents and the hard scales (ta, tb) can be found for example in Ref. [42]. Following the same
procedure, one can obtain the explicit expressions for decay amplitude MLL, MLR and MSP from the evaluation of
Fig. 1(c) and 1(d).
III. NUMERICAL RESULTS
In numerical calculations, the following input parameters are used implicitly. The QCD scale, masses and decay
constants are in unit of GeV [76]:
Λ
(f=4)
MS
= 0.25, mB0s = 5.367, mB0 = 5.280, Mηc(2S) = 3.639;
m±pi = 0.140, m
0
pi = 0.135, mc = 1.27, τB0 = 1.520 ps, τB0s = 1.510 ps. (15)
5The Wolfenstein parameters for the CKM matrix elements read as [76]
λ = 0.22506± 0.00050, A = 0.811± 0.026 ρ¯ = 0.124+0.019−0.018, η¯ = 0.356± 0.011. (16)
The differential branching ratio for the B0(s) → ηc(2S)pi+pi− decay can be written as [42]
dB
dω
= τB
ω|−→p1||−→p3|
4(2pi)3m3B
|A|2, (17)
with the B0(s) meson mean lifetime τB. The kinematic variables |−→p1| and |−→p3| denote the magnitudes of the pi+ and
ηc(2S) momenta in the center-of-mass frame of the pion pair,
|−→p1| = 1
2
√
ω2 − 4m2
pi±
, |−→p3| = 1
2ω
√[
m2B − (ω +mηc(2S))2
] [
m2B − (ω −mηc(2S))2
]
. (18)
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FIG. 2. The ω-dependence of dB/dω for (a) the contribution from resonance f0(980) and f0(1500) for B
0
s → ηc(2S)pi
+pi−
decay; and (b) the contribution from f0(500) for B
0
→ ηc(2S)pi
+pi− decay.
From our numerical calculations, we find the following results:
• In Fig. 2(a), we show the differential branching ratios dB/dω for B0s → ηc(2S)pi+pi− decay, where the solid curve
and the dots curve shows the contribution from f0(980) and f0(1500) is taken into account, respectively. In
Fig. 2(b), we show the ω-dependence of the differential decay rate dB/dω when the BW model (solid curve) and
the Bugg’s model (dots curve) are employed. The allowed region of ω is 4m2pi ≤ ω2 ≤ (MB −mηc(2S))2.
• For the decays B0s → ηc(2S)f0(X) → ηc(2S)pi+pi−, when the contribution from f0(980) and f0(1500) are
included respectively, the PQCD predictions for the branching ratios B(B0s → ηc(2S)f0(X)→ ηc(2S)pi+pi−) are
of the form of
B(B0s → ηc(2S)f0(980)[f0(980) → pi
+pi−]) =
(
2.19+0.69−0.55(ωB0s
)+0.50−0.42(a2)
+1.05
−0.45(w)
+0.36
−0.26(fηc(2S))
)
× 10−5,
B(B0s → ηc(2S)f0(1500)[f0(1500) → pi
+pi−]) =
(
1.31+0.08−0.12(ωB0s
)+0.39−0.31(a2)
+0.62
−0.56(w)
+0.77
−0.50(fηc(2S))
)
× 10−6, (19)
where the first two errors come from the uncertainty ωBs = 0.50 ± 0.05 GeV and aI=02 = 0.2 ± 0.2, the last
two errors are from w = 0.2± 0.1 GeV and fηc(2S) = 0.243+0.079−0.111 GeV ( the parameters in the wave function of
ηc(2S)). The errors from the uncertainties of other input parameters, for instance the CKM matrix elements,
are very small and have been neglected.
By taking into account the S-wave contributions from f0(980) and f0(1500) simultaneously, we find the PQCD
prediction for the total branching ratio:
B(B0s → ηc(2S)(pi+pi−)S) =
(
2.67+0.74−0.62(ωB0s )
+0.61
−0.54(a2)
+1.43
−0.60(w)
+0.47
−0.36(fηc(2S))
)× 10−5. (20)
6It is easy to see that the dominant contribution comes from the resonance f0(980) (82.0%), while the constructive
interference between f0(980) and f0(1500) provide∼ 13% enhancement to the total decay rate. One can read out
this information from Fig. 2(a) approximately. When compared with the previous study for B0s → ηc(pi+pi−)s
in Ref. [44], we find that B(B → ηc(2S)[pi+pi−]s) : B(B → ηc[pi+pi−]s) ≈ 1 : 2.
• For B0 → ηc(2S)f0(500) → ηc(2S)pi+pi− decay, the PQCD predictions based on the BW model or the Bugg’s
model for the parametrization of the wide f0(500) are the following:
B(B0 → ηc(2S)f0(500)[f0(500)→ pi+pi−])(BW) = 1.40+0.92−0.56 × 10−6 (21)
B(B0 → ηc(2S)f0(500)[f0(500)→ pi+pi−])(Bugg) = 1.53+0.97−0.61 × 10−6, (22)
where the major errors have been added in quadrature. One can see easily that the PQCD predictions obtained
by employing the BW model or the Bugg’s model are very similar, the difference is only about 10%.
• Based on our previous studies of the quasi-two-body B meson decays involving ρ meson [43], we get to know that
the main contribution lies indeed in the region around the pole mass of the ρ resonance. Because Γηc(2S) ≈ 11.3
MeV is much narrow than Γρ ≈ 149 MeV, it is reasonable for us to assume that the possible effect due to the
narrow width of ηc(2S) is very small and can be neglected safely.
IV. SUMMARY
In summary, we studied the quasi-two-body B0(s) → ηc(2S)(pi+pi−)S decays in the PQCD factorization approach
by introducing the S-wave two-pion distribution amplitudes. For B0s → ηc(2S)f0(X) → ηc(2S)pi+pi− decay, the
contributions from the S-wave resonance f0(980) and f0(1500) were taken into account, but the f0(980) provide
the dominant contribution to the PQCD prediction: B(B0s → ηc(2S)(pi+pi−)S) =
(
2.67+1.78−1.08
) × 10−5. For B0 →
ηc(2S)f0(X) → ηc(2S)pi+pi− decay, the contribution from f0(500) was taken into account, the PQCD prediction for
its decay rate is
(
1.40+0.92−0.56
) × 10−6 in the BW model or (1.53+0.97−0.61) × 10−6 in the Bugg’s model. These PQCD
predictions for the branching ratios of the considered decays can be measured and tested at the near future LHCb
and/or Belle-II experiments.
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